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Abstract: We present a detailed study of a specific class of graph that can potentially
contribute to the proton-proton double parton scattering (DPS) cross section. These are
the ‘2v1’ or ‘single perturbative splitting’ graphs, in which two ‘nonperturbatively gen-
erated’ ladders interact with two ladders that have been generated via a perturbative
1→ 2 branching process. Using a detailed calculation, we confirm the result written down
originally by Ryskin and Snigirev – namely, that the 2v1 graphs in which the two nonper-
turbatively generated ladders do not interact with one another do contribute to the leading
order proton-proton DPS cross section, albeit with a different geometrical prefactor to the
one that applies to the ‘2v2’/‘zero perturbative splitting’ graphs. We then show that 2v1
graphs in which the ‘nonperturbatively generated’ ladders exchange partons with one an-
other also contribute to the leading order proton-proton DPS cross section, provided that
this ‘crosstalk’ occurs at a lower scale than the 1 → 2 branching on the other side of the
graph. Due to the preference in the 2v1 graphs for the x value at which the branching
occurs, and crosstalk ceases, to be very much larger than the x values at the hard scale,
the effect of crosstalk interactions is likely to be a decrease in the 2v1 cross section except
at exceedingly small x values (. 10−6). At moderate x values ≃ 10−3 − 10−2, the x value
at the splitting is in the region ≃ 10−1 where PDFs do not change much with scale, and
the effect of crosstalk interactions is likely to be small. We give an explicit formula for the
contribution from the 2v1 graphs to the DPS cross section, and combine this with a sugges-
tion that we made in a previous publication, that the ‘double perturbative splitting’/‘1v1’
graphs should be completely removed from the DPS cross section, to obtain a formula for
the DPS cross section. It is pointed out that there are two potentially concerning features
in this equation, that might indicate that our prescription for handling the 1v1 graphs is
not quite correct.
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1 Introduction
We define double parton scattering (DPS) as the process in which two pairs of partons
participate in hard interactions in a single proton-proton (p-p) collision. This process is
formally suppressed relative to the usual single parton scattering (SPS) mechanism by
Λ2/Q2, where Q2 is the scale of the hard scattering(s) involved, and Λ2 is the scale of
nonperturbative physics. However, DPS can contribute important backgrounds to SPS
processes that are suppressed by small or multiple coupling constants, such as Higgs or
new physics signals [1–4]. It is also an interesting process to study in its own right, as it
reveals novel information concerning correlations between partons in the proton. For any
final state AB which can potentially have been produced via two independent scatterings
yielding A and B, there is a region of final state phase space in which the DPS production
mechanism is competitive with the SPS one – namely, the region in which the transverse
momenta of A and B are small [5, 6]. This fact offers some scope to study DPS in detail –
indeed it has been used in past experimental extractions of DPS [7–12]. Finally, the rate
of DPS relative to SPS for a given final state AB increases with collider energy, as lower
x values are probed where the population of partons is larger. This means that DPS will
be more important at the LHC than at any previous collider. For these reasons, there has
been a considerable increase in interest in the phenomenon of DPS in recent years from
both the experimental and theoretical communities, and four international workshops have
been organised on the theme [13–17].
If one assumes that the two hard processes A and B may be factorised, then the total
cross section for the process pp → AB +X via double parton scattering should be of the
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following form:
σD(A,B) ∝
∑
i,j,k,l
∫
d2r
(2π)2
4∏
a=1
dxaΓij(x1, x2, r;Q
2
A, Q
2
B)Γkl(x3, x4,−r;Q2A, Q2B) (1.1)
×σˆik→A(sˆ = x1x3s)σˆjl→B(sˆ = x2x4s)
∝
∑
i,j,k,l
∫
d2b
4∏
a=1
dxaΓij(x1, x2, b;Q
2
A, Q
2
B)Γkl(x3, x4, b;Q
2
A, Q
2
B)
×σˆik→A(sˆ = x1x3s)σˆjl→B(sˆ = x2x4s)
The σˆ symbols represent parton-level cross sections. Γij(x1, x2, b;Q
2
A, Q
2
B) is the impact-
parameter space two-parton GPD (b-space 2pGPD), whilst Γij(x1, x2, r;Q
2
A, Q
2
B) is the
transverse momentum space 2pGPD (r-space 2pGPD). Γij(x1, x2, b;Q
2
A, Q
2
B) has a proba-
bility interpretation as the probability to find a pair of quarks in the proton with flavours
ij, momentum fractions x1x2, and separated by impact parameter b, at scales QA and QB
respectively [5, 6, 18]. The r-space 2pGPD is the Fourier transform of this with respect
to b, and has no probability interpretation. r is related to the transverse momentum im-
balance of one of the partons emerging from the proton between amplitude and conjugate
(for more detail, see Section 2 of [5]).
Since the experimental extraction of DPS relies on the fact that the DPS cross section
differential in the transverse momenta of A and B, qA and qB, is strongly peaked at small
qA and qB , it is perhaps the DPS cross section differential in qA and qB rather than
the total cross section that is more relevant for making experimentally testable predictions
[5, 6, 18, 19]. In the region of qA, qB of interest (i.e. q
2
A, q
2
B ≪ Q2A, Q2B) this quantity is
described in terms of transverse momentum dependent 2pGPDs (TMD 2pGPDs), rather
than the collinear 2pGPDs appearing in (1.1). On the other hand, it is expected that for
Λ2 ≪ q2A, q2B ≪ Q2A, Q2B the TMD 2pGPD should be expressible in terms of the collinear
2pGPD and a perturbatively calculable piece [5, 6]. In that case there is a ‘collinear part’
of the differential cross section whose structure closely resembles the total cross section
formula (1.1). Knowledge of how the total DPS cross section is to be treated should be
helpful in establishing the correct way to treat this collinear part. It is with this ultimate
purpose in mind that we continue to discuss only the total cross section for DPS in the
remainder of the paper.
There are several classes of graph that can potentially contribute to the leading order
(LO) p-p DPS cross section (we restrict our attention to leading order, or leading loga-
rithmic accuracy, in this paper). These are sketched in figure 1. Note that the partons
emerging from the grey proton blobs in the figure are nonperturbatively generated partons
– i.e. ones existing at a low scale ∼ ΛQCD – and that we’ve taken all the hard processes in
the figure to be the production of an electroweak gauge boson with positive invariant mass
(denoted by a wiggly line). We’ll refer to the different classes of graph (a), (b), and (c) as
2v2, 2v1 and 1v1 graphs respectively, for obvious reasons.
In the paper [20], we carefully examined graphs of the 1v1 type. We found that the
treatment of these graphs by a long-established framework for calculating the p-p DPS
– 2 –
(a) (b) (c)
Figure 1. Some types of graph that can potentially contribute to the DPS cross section.
cross section [21–23] was unsatisfactory, and suggested that no part of these graphs should
be included as part of the leading order p-p DPS cross section. Since then, this suggestion
has also been made in a number of other papers [19, 24].
In light of this discovery, a careful re-analysis of other classes of graph that can poten-
tially contribute to the LO DPS cross section would seem appropriate. In this paper we
will pay particular attention to the 2v1 graphs in which there is only a single perturbative
splitting, such as that drawn in figure 1(b) (we’ll also discuss to a certain extent 2v2 graphs
such as 1(a) in which there are no perturbative splittings, although it should be reasonably
clear that these should be included in the LO DPS cross section).
In section 2, we will begin to address the issue of whether contributions from the 2v1
graphs should be included in the LO DPS cross section, and what form these contributions
should take. We’ll do this using a similar strategy as we employed for the 1v1 graphs in
the paper [20]. That is, we’ll take a 2v1 graph with the simplest possible structure (i.e.
the structure of figure 2) and see whether there is a ‘natural’ part of the cross section
expression for it that is proportional to 1/R2p (Rp = proton radius), and also contains
a large logarithm associated with the 1 → 2 splitting. The large logarithm should be
associated with transverse momenta of the partons emerging from the 1 → 2 splitting
being ≪ Q2 (where we take Q2A = Q2B ≡ Q2 for simplicity). If there is such a structure in
the 2v1 graph, then this part of this graph should be included in the LO DPS cross section.
Furthermore, if there is a log(Q2/Λ2)/R2p structure in the simplest 2v1 diagram, then we
expect there to be a log(Q2/Λ2)n/R2p piece in the more general 2v1 diagram of figure 1(b)
that should also be included in the LO DPS cross section. This will be associated with
the branchings in the diagram being strongly ordered in transverse momentum. From the
structure of the contribution to the LO DPS cross section coming from the simplest 2v1
diagram, we’ll be able to write down a resummed expression for the contribution to the
LO DPS cross section coming from 2v1 diagrams with the structure of figure 1(b).
The results that we obtain in section 2 have in fact already been written down in
the papers [19, 24–26], and one can view the content of that section as a more detailed
re-derivation of some of the results in those papers. In section 3, we will however estab-
lish a further result with regard to the contribution of 2v1 graphs to the LO DPS cross
section. We will discover that the final formula that we obtained in section 2 is incom-
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Figure 2. The simplest structure possible for the 2v1 graph.
1 → 2 branching scale, k2
‘Crosstalk interactions’
between ladders
‘Usual’ ladder rungs
Figure 3. Generic 2v1 diagram including ‘crosstalk’ that we argue contributes to the 2v1 DPS
cross section at the leading logarithmic level.
plete, and that there are further diagrams of the 2v1 type that contribute to the LO DPS
cross section. These diagrams involve non-diagonal crosstalk interactions between the two
nonperturbatively generated parton ladders, at scales lower than the perturbative 1 → 2
ladder branching on the other side – an example diagram of this type is sketched in figure
3 (note that there are no such crosstalk interactions in figure 1(b)). This result is again
established by analysis of the simplest Feynman graphs of the appropriate type. In section
3 we’ll also discuss in detail the issue of colour in relation to the crosstalk interactions,
and make some comments with regard to the potential numerical impact of the crosstalk
interactions on the 2v1 DPS cross section.
In section 4, we combine the results from sections 2 and 3 with our suggestion from
[20] with regards to the 1v1 graphs, to give a suggested expression for the LO cross section
for DPS. We do however point out two potentially concerning features in this equation
that may indicate that the suggestion of [20] to completely remove the 1v1 graphs from
the DPS cross section is not quite the correct prescription.
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2 ‘Two versus One’ Contributions to the DPS Cross Section
In this section, we show explicitly that for a 2v1 diagram with the structure of figure 2,
there is a part of the cross section expression that contains a DGLAP-type large logarithm
and a factor of order 1/R2p, which should be considered as part of the LO DPS cross section.
We present details of the calculation only for the particular flavour-diagonal contribution
to the gp→ gqq¯ +X → γ∗γ∗ +X process presented in figure 4(a), where the two off-shell
photons both have a positive invariant mass. However, the general method outlined below
can be applied to any diagram of the appropriate structure, and will always give a large
logarithm provided that the corresponding process is allowed in the collinear limit (apart
from issues of Jz nonconservation at the splitting vertex).
In the calculation of the cross section for figure 4(a), we will have to include a wave-
function factor or hadronic amplitude ϕ to find two nonperturbatively generated partons
in the proton, at the amplitude level in the calculation. It would be inappropriate to try
and calculate a 2v1 cross section in a naive ‘fully parton-level’ way omitting the proton
at the top of the diagram because then one would have three particles in the initial state
(whereas the standard framework for calculating a cross section requires two particles in
the initial state). Furthermore, by deleting the proton at the top of the diagram one would
then be neglecting the important fact that the two partons on this side are tied together in
the same proton (as was pointed out in [19]). The use of proton wavefunctions or hadronic
amplitudes in the calculation of DPS-type graphs was discussed long ago in [27], and has
been discussed more recently in [6, 19]. We utilise the approach and notation of [27] in our
work. That is, we assign a wavefunction factor ϕ to the p → qq¯X vertex that is assumed
to be strongly damped for values of the parton transverse momentum and virtuality larger
than the hadronic scale Λ ∼ 1/RP . In our case the factor ϕ is a matrix in spinor space,
and also carries a label χ that describes the spins of all of the particles in X.
In the following we will take a number of steps to simplify the calculation as much
as possible. First, we will largely ignore considerations of colour, and will suppress colour
indices, factors and sums where they appear, in order to avoid the proliferation of too many
indices. Second, we will take take the four-momenta squared of the two off-shell photons
to be the same, and refer to this common four-momentum squared as Q2. Finally, we will
take the colliding protons to be unpolarised, as is the case for the colliding protons at the
LHC.
As in [20], we apply a Sudakov decomposition to all four-vectors used – that is, we
write an arbitrary four-vector V in terms of two lightlike vectors p ≡ 1√
2
(1, 0, 0, 1) and
n ≡ 1√
2
(1, 0, 0,−1) and a transverse part denoted as V :
V = V +p+ V −n+ V (2.1)
Rather than proceeding to calculate the cross section contribution from figure 4(a) di-
rectly, we instead begin by calculating the cross section contribution σ2v2 associated with
the Feynman diagram in figure 4(b). In this diagram, two nonperturbatively generated
quark-antiquark pairs produced by colliding protons interact via two separate qq¯ → γ∗
hard processes. We should be able to express the cross section of this process in terms of
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A A
B B
J1
J2
a1 a˜1
A¯
a2 a˜2
b2 b˜2
b1 b˜1
B¯
A A
B B
J1
J2
a1 a˜1
A¯
a2 a˜2
b2 b˜2
b1 b˜1
ϕA ϕ
∗
A ϕA ϕ
∗
A
ϕB ϕ
∗
B
Figure 4. (a) An example of a ‘2v1’ DPS-type scattering diagram. (b) An example of a ‘2v2’
DPS-type scattering diagram. The thick grey lines are protons, whilst the grey circles are proton
vertices. The labels on the lines correspond to the four momenta of those lines.
‘nonperturbatively generated parton pair’ r-space 2pGPDs Γ(x1, x2;∆) and hard subpro-
cess cross sections σˆ as follows:
σ2v2(s) =
∫
dx1dx2dy1dy2σˆqq¯→γ∗(sˆ = x1y1s)σˆqq¯→γ∗(sˆ = x2y2s) (2.2)
×
∫
d2∆
(2π)2
Γp(x1, x2;∆)Γp(y1, y2;−∆)
Helicity labels are omitted in the above schematic expression, but they will be included
in the full calculation below. By using the fact that the expression for the cross section
must end up in this form, we can establish the connection between the vertex factor ϕ and
the ‘nonperturbatively generated parton pair’ r-space 2pGPD Γ. We shall need to make
use of this relationship when we come to study figure 4(a).
Note that a calculation of σ2v2 has already been performed by Paver and Treleani in
[27] for the case of spinless partons, and by Mekhfi [28] and Diehl, Ostermeier and Schafer
[5, 6] for the case of partons with spin. We follow closely the approach of Paver and
Treleani, and our calculation of σ2v2 can be considered as a brief review of the method in
[27].
We will neglect the proton mass with respect to the total centre of mass energy
√
s
and work in a frame in which A is proportional to p, whilst B is proportional to n, A =
A+p,B = B−n. One can directly write down the following expression for the cross section
contribution from figure 4(b), σ2v2(s):
σ2v2(s) =
1
2(2π)10s
∑
χγ
∫
d4A¯d4B¯d4J1d
4J2δ
(4)(A¯+ B¯ + J1 + J2 −A−B)δ(J21 −Q2)
× δ(J22 −Q2)Mχγµ1µ2(A,B; A¯, B¯, J1, J2)Mχγµ1µ2(A,B; A¯, B¯, J1, J2)∗ (2.3)
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where:
Mχγµ1µ2(A,B; A¯, B¯, J1, J2) (2.4)
≡
∫
d4a1
(2π)4
Tr
[
T µ1(J1)/a1ϕ
χ
p (a1, a2, A¯)/a2T
µ2(J2)/b2ϕ
γ
p(b2, b1, B¯)/b1
]
D(a1)D(a2)D(b1)D(b2)
,
D(a) ≡a2 + iǫ, T µ1(J1) ≡ ieQq/ε∗µ1(J1) (2.5)
a2 ≡ A− A¯− a1 b1 ≡ J1 − a1 b2 ≡ B − B¯ + a1 − J1 (2.6)
The vertex factors ϕ ensure that the quark and antiquark lines with momenta ai and
bi have small virtuality. Given that this is the case, we can rewrite the slashed vectors in
(2.4) as sums over outer products of particle or antiparticle spinors (as appropriate), using
the completeness relations. Then we have:
Mχγµ1µ2(A,B; A¯, B¯, J1, J2) (2.7)
≃
∫
d4a1
(2π)4
∑
siti
Ms1t1;µ1qq¯→γ∗ (a1b1 → J1)Ms2t2;µ2q¯q→γ∗ (a2b2 → J2)
×
[
u¯s1(a1)ϕ
χ
p (a1, a2, A¯)v
s2(a2)
D(a1)D(a2)
] [
u¯t2(b2)ϕ
γ
p(b2, b1, B¯)v
t1(b1)
D(b1)D(b2)
]
The si and ti are quark or antiquark helicity labels, and theMqq¯→γ∗ factors are ‘hard’
qq¯ → γ∗ matrix elements. The hard matrix elements should be evaluated with initial state
partons having small (i.e. hadron scale) transverse momenta and off-shellness – however, we
make the approximation in the matrix elements that the initial-state partons are on-shell
and collinear, which only corresponds to a small relative error O(Λ2/Q2)≪ 1.
Consider now the integrations over the longitudinal parts of a1 – i.e. a
+
1 and a
−
1 . It
is not hard to show that the integration over a−1 is restricted to values of order Λ
2/Q by
the vertex factor ϕ(a1, a2, A¯), whilst ϕ(b1, b2, B¯), D(bi), and the Mqq¯→γ∗ are practically
constant in this range (and approximately equal to their values with a−1 set to zero).
Similarly, the integration over a+1 is restricted to values differing from J
+
1 by ∼ Λ2/Q by
the vertex factor ϕ(b1, b2, B¯), with ϕ(a1, a2, A¯), D(ai) and theMqq¯→γ∗ being approximately
constant and equal to their values at a+1 = J
+
1 in this range. This allows us to write:
Mχγµ1µ2(A,B; A¯, B¯, J1, J2) ≃
∑
siti
Ms1t1;µ1qq¯→γ∗ (J+1 p, J−1 n→ J1) (2.8)
×Ms2t2;µ2q¯q→γ∗ (J+2 p, J−2 n→ J2)
∫
d2a1
(2π)2
[∫
da−1
2π
u¯s1(a1)ϕ
χ
p (a1, a2, A¯)v
s2(a2)
D(a1)D(a2)
]
a+
1
=J+
1
×
[∫
db+1
2π
u¯t2(b2)ϕ
γ
p(b2, b1, B¯)v
t1(b1)
D(b1)D(b2)
]
b−
1
=J−
1
Define:
ψs1s2χp;qq¯ (a
+
1 , a
+
2 ,a1,a2, A¯
−) ≡ −
∫
da−1
2π
u¯s1(a1)ϕ
χ
p (a1, a2, A¯)v
s2(a2)
D(a1)D(a2)
(2.9)
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Then we can write Mχγµ1µ2(A,B; A¯, B¯, J1, J2) in a more compact form:
Mχγµ1µ2(A,B; A¯, B¯, J1, J2) (2.10)
≃
∑
siti
Ms1t1;µ1qq¯→γ∗ (J+1 p, J−1 n→ J1)Ms2t2;µ2q¯q→γ∗ (J+2 p, J−2 n→ J2)
×
∫
d2a1
(2π)2
ψs1s2χp;qq¯ (J
+
1 , J
+
2 ,a1,a2, A¯
−)ψt2t1γp;qq¯ (J
−
2 , J
−
1 , b2, b1, B¯
+)
We now insert (2.10) into (2.3), and make use of the following relation in the resulting
expression:
Ms1t1;µ1qq¯→γ∗ (J+1 p, J−1 n→ J1)M∗s˜1 t˜1;µ1qq¯→γ∗ (J+1 p, J−1 n→ J1)(2π)δ(J21 −Q2) (2.11)
= σˆs1,t1;s˜1,t˜1;µ1qq¯→γ∗ (sˆ = 2J
+
1 J
−
1 )4J
+
1 J
−
1
σˆs1,t1;s˜1,t˜1;µ1qq¯→γ∗ is the qq¯ → γ∗ ‘cross section’ with q, q¯, γ∗ helicities s1, t1, µ1 in the matrix
element, and s˜1, t˜1, µ1 in the conjugate matrix element (note that if s1 6= s˜1 and/or t1 6= t˜1
this is not a cross section in the strict sense). σˆs1,t1;s˜1,t˜1;µ1qq¯→γ∗ is related to the spin-averaged
qq¯ → γ∗ cross section σˆqq¯→γ∗ by:
σˆs1,t1;s˜1,t˜1;µ1qq¯→γ∗ = 2σˆqq¯→γ∗δs1,−t1δs˜1,−t˜1 (2.12)
The result of inserting (2.10) into (2.3) is:
σ2v2(s) =
1
2(2π)12s
∑
sitis˜i,t˜iχγ
∫
d4A¯d4B¯d4J1σˆ
s1,t1;s˜1,t˜1;µ1
qq¯→γ∗ (sˆ = 2J
+
1 J
−
1 )4J
+
1 J
−
1 (2.13)
× σˆs2,t2;s˜2,t˜2;µ2qq¯→γ∗ (sˆ = 2J+2 J−2 )4J+2 J−2
∫
d2a1
(2π)2
d2a˜1
(2π)2
ψs1s2χp;qq¯ (J
+
1 , J
+
2 ,a1,a2, A¯
−)
× ψt2t1γp;qq¯ (J−2 , J−1 , b2, b1, B¯+)ψ∗s˜1s˜2χp;qq¯ (J+1 , J+2 , a˜1, a˜2, A¯−)ψ∗t˜2 t˜1γp;qq¯ (J−2 , J−1 , b˜2, b˜1, B¯+)
=
1
4(2π)16A+2B−2
∑
sitis′it
′
i
∫
dA¯+dB¯−dJ+1 dJ
−
1 σˆ
s1,t1;s˜1,t˜1;µ1
qq¯→γ∗ (sˆ = 2J
+
1 J
−
1 )
× σˆs2,t2;s˜2,t˜2;µ2qq¯→γ∗ (sˆ = 2J+2 J−2 )
∫
d2a1d
2b1d
2∆d2A¯dA¯−d2B¯dB¯+
×
∑
χ
ψs1s2χp;qq¯ (J
+
1 , J
+
2 ,a1,a2, A¯
−)ψ∗s˜1 s˜2χp;qq¯ (J
+
1 , J
+
2 ,a1 +∆,a2 −∆, A¯
−)4J+1 J
+
2 A
+
×
∑
γ
ψt2t1γp;qq¯ (J
−
2 , J
−
1 , b2, b1, B¯
+)ψ∗t˜2 t˜1γp;qq¯ (J
−
2 , J
−
1 , b2 +∆, b1 −∆, B¯
+)4J−1 J
−
2 B
−
In the second line of (2.13), we have introduced the transverse variable ∆ via a1 =
a˜1 +∆, and converted the integral over J1 to an integral over b1 using a1 + b1 = J1.
We have also made use of the fact that s = 2A+B−. Let us define the ‘nonperturbatively
generated parton pair’ r-space 2pGPD according to:
Γs1s2,s˜1s˜2p;qq¯
(
J+1
A+
,
J+2
A+
;∆
)
≡ 2
(2π)7
∑
χ
∫
dA¯−d2A¯d2a1ψ
s1s2χ
p;qq¯ (J
+
1 , J
+
2 ,a1,a2, A¯
−, A¯)
(2.14)
× ψ∗s˜1s˜2χp;qq¯ (J+1 , J+2 ,a1 +∆,a2 −∆, A¯−, A¯)J+1 J+2 A+
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We also introduce the following scaling variables:
x1 ≡ J+1 /A+ x2 ≡ J+2 /A+ y1 ≡ J−1 /B− y2 ≡ J−2 /B− (2.15)
Changing variables in (2.13) to the scaling variables, replacing appropriate combina-
tions of ψs by Γs according to (2.14), and using the obvious relation Γs1s2,s˜1s˜2p;q¯q (x1, x2;∆) =
Γs2s1,s˜2s˜1p;qq¯ (x2, x1;−∆), we finally obtain:
σ2v2(s) =
∑
sitis˜i t˜i
∫
dx1dx2dy1dy2σˆ
s1,t1;s˜1,t˜1;µ1
qq¯→γ∗ (sˆ = x1y1s)σˆ
s2,t2;s˜2,t˜2;µ2
qq¯→γ∗ (sˆ = x2y2s) (2.16)
×
∫
d2∆
(2π)2
Γs1s2,s˜1s˜2p;qq¯ (x1, x2;∆)Γ
t1t2,t˜1 t˜2
p;q¯q (y1, y2;−∆)
The cross section is of the anticipated form (2.2). The most important result of this
preliminary calculation is the definition of the ‘nonperturbatively generated parton pair’
r-space 2pGPD (2.14), which we shall make use of later.
The calculation of the cross section contribution associated with figure 4(a), σ2v1(s),
proceeds in a very similar manner to the calculation of σ2v2(s). Once again we work in
a frame in which A = A+p and B = B+n. We can directly write down the following
expression for the cross section:
σ2v1(s) =
1
2(2π)6s
∑
χ
∫
d4A¯d4J1d
4J2δ(J
2
1 −Q2)δ(J22 −Q2)δ(4)(A¯+ J1 + J2 −A−B)
(2.17)
×Mλ;χµ1µ2(A,B; A¯, J1, J2)Mλ;χµ1µ2(A,B; A¯, J1, J2)∗
where:
Mλ;χµ1µ2(A,B; A¯, J1, J2) (2.18)
≡
∫
d4a1
(2π)4
i2Tr(/a1ϕ
χ
p (a1, a2, A¯)/a2T
λ;µ1µ2(a2a1B → J1J2))/[D(a1)D(a2)],
T λ;µ1µ2(a2a1B → J1J2) ≡ i5(eQq)2gs
/ε∗µ2(J2)/b2/ελ(B)/b1/ε
∗
µ1
(J1)
D(b1)D(b2)
(2.19)
The lines with momentum a1 are restricted to small virtuality by ϕA, so we can de-
compose the slashed ai vectors in (2.18) into outer products of particle or antiparticle
spinors:
Mλ;χµ1µ2(A,B; A¯, J1, J2) (2.20)
≃
∑
si
∫
d4a1
(2π)4
[
− u¯
s1(a1)ϕ
χ
p (a1, a2, A¯)v
s2(a2)
D(a1)D(a2)
]
Ms2s1λ;µ1µ2(a2a1B → J1J2)
Ms2s1λ;µ1µ2(a2a1B → J1J2) is the matrix element for qq¯g → γ∗γ∗ with initial quark and
antiquark having small transverse momentum and virtuality.
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For reasons similar to those leading to equation (2.8), we can move the a−1 integration
such that it only acts on the part of (2.20) in square brackets, and set a−1 = 0 in the rest of
the integrand. Provided that that J1
2 ≫ Λ2, we can perform an analogous operation for
the a1 integration. The reason for this is that when J1
2 ≫ Λ2, the transverse momenta of
the ai lines (constrained to be of order Λ by ϕA) are negligible compared to the transverse
momenta of the bi and Ji lines inMs2s1λ;µ1µ2(a2a1B → J1J2), so we make only a small error
by setting ai to zero in this factor provided J1
2 ≫ Λ2. Applying these approximations:
Mλ;χµ1µ2(A,B; A¯, J1, J2) (2.21)
≃
∑
si
∫
da+1
2π
Ms2s1λ;µ1µ2(a2a1B → J1J2)|a−
1
=0,a1=0
×−
∫
d2a1
(2π)2
da−1
2π
[u¯s1(a1)ϕ
χ
p (a1, a2, A¯)v
s2(a2)]
D(a1)D(a2)
We identify the final factor in (2.21) as the integral of ψp over a1. Writing out the
denominator factors in Ms2s1λ;µ1µ2(a2a1B → J1J2) explicitly we have:
Mλ;χµ1µ2(A,B; A¯, J1, J2) (2.22)
≃
∑
si
∫
da+1
2π
[∫
d2a1/(2π)
2ψs1s2χp (a
+
1 , a
+
2 ,a1,a2, A¯
−)
]
×
T s2s1λ;µ1µ2(a2a1B → J1J2)|a−
1
=0,a1=0
[2(J+1 − a+1 )J−1 − J12 + iǫ][2(a+1 − J+1 )J−2 − J12 + iǫ]
where:
T s2s1λ;µ1µ2(a2a1B → J1J2) ≡ i5gs(eQq)2v¯s2(a2)/ε∗µ2(J2)/b2/ελ(B)/b1/ε
∗
µ1
(J1)u
s1(a1) (2.23)
Examination of the denominator factors in (2.21) reveals that the majority of the
contribution to the a+1 integration comes from the region a
+
1 ∼ J+1 . For this reason we can
set a+1 = J
+
1 in the numerator before evaluating the a
+
1 integral using contour integration:
Mλ;χµ1µ2(A,B; A¯, J1, J2) (2.24)
≃
∑
si
i
[∫
d2a1/(2π)
2ψs1s2χp (J
+
1 , J
+
2 ,a1,a2, A¯
−)
]
×
T s2s1λ;µ1µ2(a2a1B → J1J2)|a−
1
=0,a1=0,a
+
1
=J+
1
2(J−1 + J
−
2 )J1
2
We are interested in the behaviour of Mλ;χµ1µ2(A,B; A¯, J1, J2) when J12 ≪ Q2 (but
still ≫ Λ2) such that all of the internal particles have transverse momenta and virtualities
much less than Q. In this limit we can use spinor completeness relations to split T up
into two qq¯ → γ∗ matrix elements and one g → qq¯ matrix element, with the quark and
antiquark having small transverse momenta and virtuality O(|J1|) in each matrix element.
The quark and antiquark transverse momenta and virtualities can be set to zero in the
‘hard’ qq¯ → γ∗ matrix elements with only a small accompanying error O(J12/Q2), but we
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must keep the term proportional to J1 in the g → qq¯ matrix element as this vanishes in
the limit J1 → 0:
Mλ;χµ1µ2(A,B; A¯, J1, J2) (2.25)
≃
∑
siti
−i [∫ d2a1/(2π)2ψs1s2χp (a+1 , a+2 ,a1,a2, A¯−)]Mλ→t1t2g→q¯q (B;J−1 n+ J1, J−2 n+ J2)
2(J−1 + J
−
2 )J1
2
×Mt1s1→µ1q¯q→γ∗ (J−1 n, J+1 p;J−1 n+ J+1 p)Mt2s2→µ2qq¯→γ∗ (J−2 n, J+2 p;J−2 n+ J+2 p)
Having inserted (2.25) into (2.17), we use (2.11) and the following connection between
Mg→q¯q and helicity-dependent unregularised splitting functions in the result [29]:
J−1 J
−
2
(J−1 + J
−
2 )
2
Mλ→t1t2g→q¯q (B;J−1 n+ J1, J−2 n+ J2)M∗λ→t˜1 t˜2g→q¯q (B;J−1 n+ J1, J−2 n+ J2) (2.26)
= 2g2sP
λ→t2t1,t˜2 t˜1
g→qq¯
(
J−2
J−1 + J
−
2
)
J1
2
This yields:
σ2v1(s) =
∑
sis˜itis˜iχ
4
(2π)12s
∫
d4A¯d4J1σˆ
s1,t1;s˜1,t˜1;µ1
q¯q→γ∗ (sˆ = 2J
+
1 J
−
1 )J
+
1 σˆ
s2,t2;s˜2,t˜2;µ2
qq¯→γ∗ (sˆ = 2J
+
2 J
−
2 )J
+
2
×
[∫
d2a1ψ
s1s2χ
p (J
+
1 , J
+
2 ,a1,a2, A¯
−)
]
(2.27)
×
[∫
d2a′
1
ψ∗s˜1s˜2χp (J
+
1 , J
+
2 , a˜1, a˜2, A¯
−)
]
g2sP
λ→t2t1,t˜2 t˜1
g→qq¯
(
J−2
J−1 + J
−
2
)
1
J1
2
=
∑
sis˜iti t˜i
1
(2π)3A+2B−
∫
d4J1dA¯
+σˆs1,t1;s˜1,t˜1;µ1q¯q→γ∗ (sˆ = 2J
+
1 J
−
1 )σˆ
s2,t2;s˜2,t˜2;µ2
qq¯→γ∗ (sˆ = 2J
+
2 J
−
2 )
×
[
2
(2π)7
∑
χ
∫
d2∆
(2π)2
d2A¯dA¯−d2a1ψ
s1s2χ
p (J
+
1 , J
+
2 ,a1,a2, A¯
−) (2.28)
× ψ∗s˜1s˜2χp (J+1 , J+2 ,a1 +∆,a2 −∆, A¯−)J+1 J+2 A+
]
g2sP
λ→t2t1,t˜2 t˜1
g→qq¯
(
J−2
J−1 + J
−
2
)
1
J1
2
In (2.28) we have once again introduced the transverse variable∆ via the same relation
as in the 2v2 case. We recognise the object in square brackets in (2.28) as the integral of
the nonperturbatively generated parton pair r-space 2pGPD over ∆. If we make a change
of longitudinal integration variables in (2.28) to the scaling variables (2.15), then we finally
obtain:
σ2v1(s) =
∑
sis˜iti t˜i
∫
dx1dx2dy1dy2σˆ
s1,t1;s˜1,t˜1;µ1
q¯q→γ∗ (sˆ = x1y1s)σˆ
s2,t2;s˜2,t˜2;µ2
qq¯→γ∗ (sˆ = x2y2s) (2.29)
×
[∫
d2∆
(2π)2
Γs1s2,s˜1s˜2p;qq¯ (x1, x2;∆)
][
αs
2π
P λ→t2t1,t˜2 t˜1g→qq¯ (y2) δ(1 − y1 − y2)
∫ Q2
Λ2
dJ1
2
J1
2
]
We have restricted our integration over J1
2 to the range Λ2 < J1
2 < Q2, which
corresponds to the range over which our approximate expression for the matrix element
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(2.25) is valid. The contributions to σ2v1 coming from J1
2 values outside this range do not
have the same 1/J1
2 structure.
The integral over J1 in (2.29) gives rise to a large transverse momentum logarithm
log(Q2/Λ2), whilst the integral over ∆ gives a prefactor of order Λ2 ∼ 1/R2p (since the
nonperturbatively generated parton pair r-space 2pGPD only has support for transverse
momenta, and therefore transverse momentum imbalances r, of order ΛQCD). Thus, as we
asserted at the beginning of this section, there is a part of the cross section expression for
figure 4(a) that is proportional to log(Q2/Λ2)/R2p and should be included in the LO DPS
cross section.
Note that the quantity
∫
d2∆Γs1s2,s˜1s˜2p (x1, x2;∆) /(2π)
2 is equal to the b-space non-
perturbatively generated parton pair 2pGPD evaluated at zero transverse separation,
Γs1s2,s˜1s˜2p (x1, x2; b = 0). This appears to indicate that the 2v1 contribution to DPS probes
nonperturbatively generated parton pair 2pGPDs at zero parton separation. In fact, the
result (2.29) actually corresponds to a broad logarithmic integral over values of b2 that
are ≪ R2p but ≫ 1/Q2. The b-space 2pGPD evaluated at b = 0 appears in (2.29) because
the r-space nonperturbatively generated parton pair 2pGPD dies off rapidly for ∆2 ≫ Λ2,
which is equivalent to the b-space nonperturbatively generated parton pair 2pGPD not
containing any fluctuations with length scales ≪ Rp. Then we can approximate Γp(b) for
the relevant values of b in (2.29) by Γp(b = 0).
If one assumes that diagrams of the form of figure 1(b) are the only diagrams of the
‘2v1’ type that contribute to the DPS cross section at leading logarithmic order, then a
generalisation of the result in (2.29) yields the expression below for the contribution of 2v1
graphs to the LO DPS cross section1:
σD,2v1(A,B)(s) =2×
m
2
∑
liijii′ij
′
i
∫ Q2
Λ2
dk2
αs
(
k2
)
2πk2
∫
dx1dx2dy1dy2
dx′1
x′1
dx′2
x′2
dy′1
y′1
dy′2
y′2
(2.30)
× σˆi1j1→A(sˆ = x1y1s)σˆi2j2→B(sˆ = x2y2s)
× D
l
p(y
′
1 + y
′
2, k
2)
y′1 + y
′
2
Pl→j′
1
j′
2
(
y′1
y′1 + y
′
2
)
Dj1
j′
1
(
y1
y′1
; k2, Q2
)
Dj2
j′
2
(
y2
y′2
; k2, Q2
)
×Di1i′
1
(
x1
x′1
; Λ2, Q2
)
Di2i′
2
(
x2
x′2
; Λ2, Q2
)
Γ
i′1i
′
2
p,indep(x
′
1, x
′
2, b = 0; Λ
2)
Dji
(
x; k2, Q2
)
are the Green’s functions of the DGLAP equations – i.e. a set of func-
tions obeying the DGLAP equations with the initial condition Dji
(
x; k2, k2
)
= δij δ(1−x).
Γ
i′
1
i′
2
p,indep(x
′
1, x
′
2; b = 0,Λ
2) represents a nonperturbative initial condition for the two inde-
pendent ladders in figure 1(b). In (2.30) we have re-inserted the symmetry factor m/2 that
1Note that here and in the rest of this section we will take the scales associated with the two hard
scales to be equal, Q2A = Q
2
B = Q
2. We will comment in section 4 on the generalisation of the results
of this section to the case of unequal scales. Note also that we only write down the unpolarised diagonal
contribution in colour, flavour and spin space here. The contributions associated with spin polarisation
(either longitudinal or transverse) and flavour interference are expected to have a similar structure. On the
other hand, it is known that the colour correlation/interference and parton type interference contributions
will be suppressed by Sudakov factors, as is discussed in [5, 6, 26, 30].
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has been omitted in earlier discussion in this section (m = 1 if the two hard processes are
identical, and m = 2 otherwise). There is an additional prefactor of 2 in (2.30) because
there are two sets of 2v1 graphs that give equivalent contributions – in one set the non-
perturbatively generated parton pair emerges from the ‘left’ proton, whilst in the other it
emerges from the ‘right’ proton.
Equation (2.30) can be written in a more compact fashion as:
σD,2v1(A,B)(s) =2×
m
2
∑
iiji
∫
dx1dx2dy1dy2σˆi1j1→A(sˆ = x1y1s)σˆi2j2→B(sˆ = x2y2s) (2.31)
× D˘j1j2p (y1, y2;Q2)
∫
d2∆
(2π)2
Γi1i2p,indep(x1, x2,∆;Q
2)
=2× m
2
∑
iiji
∫
dx1dx2dy1dy2σˆi1j1→A(sˆ = x1y1s)σˆi2j2→B(sˆ = x2y2s)
× D˘j1j2p (y1, y2;Q2)Γi1i2p,indep(x1, x2, b = 0;Q2)
where:
Γi1i2p,indep(x1, x2, b;Q
2) ≡
∑
i′
i
∫
dx′1
x′1
dx′2
x′2
Di1
i′
1
(
x1
x′1
; Λ2, Q2
)
Di2
i′
2
(
x2
x′2
; Λ2, Q2
)
(2.32)
× Γi′1i′2p,indep(x′1, x′2, b; Λ2)
D˘j1j2p (y1, y2;Q
2) ≡
∑
lj′
i
∫ Q2
Λ2
dk2
αs
(
k2
)
2πk2
dy′1
y′1
dy′2
y′2
Dlp(y
′
1 + y
′
2, k
2)
y′1 + y
′
2
(2.33)
× Pl→j′
1
j′
2
(
y′1
y′1 + y
′
2
)
Dj1
j′
1
(
y1
y′1
; k2, Q2
)
Dj2
j′
2
(
y2
y′2
; k2, Q2
)
As mentioned in section 1, and as will be explored in detail in section 3, there are
additional diagrams of the ‘2v1’ type that contribute at leading logarithmic order to the
DPS cross section, aside from those represented by figure 1(b). These involve crosstalk
interactions between the two nonperturbatively generated ladders. Equation (2.30) (or
(2.31)) therefore represents only part of the 2v1 contribution to the LO DPS cross section.
For the moment, however, we’ll limit our discussion to just this part.
A necessary requirement for (2.30) (or (2.31)) to be valid (at least as an incomplete
part of a contribution to the DPS cross section) is that the independent two-ladder 2pGPD
Γi1i2p,indep(x1, x2; b, Q
2) should be smooth on distance scales ≪ Rp ∼ 1/Λ (or equivalently
that the corresponding distribution in terms of the transverse momentum imbalance ∆
is cut off at values of order Λ). This appears to be a somewhat reasonable requirement
– at the scale Λ there is only this scale available to set the size of the ∆ profile for
Γi1i2p,indep(x1, x2;∆,Λ
2), and the evolution equation for the independent two-ladder 2pGPD
(which is just the ‘double DGLAP’ equation of [21, 22] with the ‘single PDF feed term’
defined in [31] removed) preserves the transverse profile. In any case, such behaviour for
Γi1i2p,indep(x1, x2;∆, Q
2) would appear to be required in order to get the necessary prefactor
of order 1/R2p in the 2v2 contribution to DPS, which is calculated according to the following
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expression (for the diagonal unpolarised contribution):
σD,2v2(A,B)(s) =
m
2
∑
iiji
∫
dx1dx2dy1dy2σˆi1j1→A(sˆ = x1y1s)σˆi2j2→B(sˆ = x2y2s) (2.34)
×
∫
d2∆
(2π)2
Γi1i2p,indep(x1, x2,∆;Q
2)Γj1j2p,indep(y1, y2,−∆;Q
2)
=
m
2
∑
iiji
∫
dx1dx2dy1dy2σˆi1j1→A(sˆ = x1y1s)σˆi2j2→B(sˆ = x2y2s)
×
∫
d2bΓi1i2p,indep(x1, x2, b;Q
2)Γj1j2p,indep(y1, y2, b;Q
2)
If one assumes that Γijp,indep(x1, x2; b, Q
2) can be factorised into a longitudinal piece
D˜ijp,indep(x1, x2;Q
2) and a flavour-independent transverse piece F (b), where F (b) is a smooth
function of radius Rp normalised to 1, then (2.30) and (2.34) become:
σD,2v2(A,B)(s) =
m
2
∑
iiji
1
σeff,2v2
∫
dx1dx2dy1dy2σˆi1j1→A(sˆ = x1y1s) (2.35)
× σˆi2j2→B(sˆ = x2y2s)D˜i1i2p,indep(x1, x2;Q2)D˜j1j2p,indep(y1, y2;Q2)
σD,2v1(A,B)(s) =2×
m
2
∑
iiji
1
σeff,2v1
∫
dx1dx2dy1dy2σˆi1j1→A(sˆ = x1y1s) (2.36)
× σˆi2j2→B(sˆ = x2y2s)D˘j1j2p (y1, y2;Q2)D˜i1i2p,indep(x1, x2;Q2)
where:
1
σeff,2v2
≡
∫
d2b[F (b)]2 =
∫
d2∆
(2π)2
[F (∆)]2 (2.37)
1
σeff,2v1
≡ F (b = 0) =
∫
d2∆
(2π)2
[F (∆)] (2.38)
F (∆) is the Fourier transform of F (b). We see that the geometrical prefactors for
the two different contributions to the DPS cross section are different in general, σeff,2v2 6=
σeff,2v1. If one assumes that two nonperturbatively generated ladders are to some degree
uncorrelated in transverse space, F (b) is given by a convolution of an azimuthally symmet-
ric transverse parton density in the proton ρ(r) with itself, where ρ(r) must be normalised
to 1 in order to ensure the appropriate normalisation of F (b):
F (b) =
∫
d2rρ(r)ρ(b − r) (2.39)
Then, if one takes the Gaussian form exp[−r2/(2R2)]/(πR2) for ρ (with R a constant
parameter), one finds that σeff,2v1 = σeff,2v2/2 – that is, the 2v1 contribution receives a
factor of 2 enhancement over the 2v2 contribution from the geometrical prefactor alone
(in the next section, we’ll discover that the 2v1 contribution is further enhanced at low
x as a result of the crosstalk interactions on the two-ladder side that are allowed for this
contribution). The ratio σeff,2v2/σeff,2v1 does not depend much on the precise shape of ρ
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– for example, one obtains 2.18 if ρ is a top hat 1
piR2
Θ(R− r), 2.32 if ρ is the projection of
an exponential
∫
dz 1
8piR3
exp(
√−r2 + z2/R), and 1.94 if ρ is the projection of a hard sphere
3
2piR2
(1−r2/R2)1/2Θ(R−r) (with R once again a constant parameter in these expressions).
This ‘factor of two’ enhancement of each 2v1 contribution over the 2v2 contribution from
the geometrical prefactor has previously been noted in [19, 32]. It is important to bear in
mind, however, that in order to obtain an enhancement that is roughly a factor of 2 one has
to make a number of assumptions whose validity is somewhat uncertain (this is particularly
the case for the assumption (2.39)). There could be some ‘clustering’ of the nonperturbative
partons in transverse space, which would tend to increase σeff,2v2/σeff,2v1. Alternatively
it is not inconceivable that the probability to find two nonperturbative partons separated
by small distances ≪ Rp could be smaller than the probability to find them separated by
distances of order Rp – in this scenario σeff,2v2/σeff,2v1 would be reduced.
3 Crosstalk between Ladders in the 2v1 Contribution
In the previous section we demonstrated that there is a leading logarithmic contribution
to the DPS cross section associated with diagrams in which a single parton ladder from
one proton splits into two, and then the two daughter ladders interact with two indepen-
dent ladders from the other proton (that are only connected to one another via low-scale
nonperturbative interactions). It is suggested in a number of works [19, 25, 33] that these
diagrams are the only ones involving a single 1 → 2 ladder branching that give rise to a
leading logarithmic contribution to DPS. Here, we show that there is also a leading log-
arithmic contribution to the DPS cross section associated with diagrams such as those
in figure 3 in which the two nonperturbatively generated ladders talk to one another by
exchanging partons, provided that the crosstalk occurs at a lower scale than the scale of
the 1 → 2 ladder branching. There are two types of crosstalk that are possible, which
are illustrated in the simple diagrams in figure 5(a) and (b) - we’ll call these off-diagonal
real emission and virtual exchange processes respectively. As in the previous section, we’ll
demonstrate that there is a leading logarithmic contribution from diagrams such as figure 3
by examining one of the simplest possible diagrams of the appropriate type – namely, that
of figure 5(a). We will find that there is a large DGLAP logarithm associated with both
the 1 → 2 splitting and the off-diagonal real emission (‘crosstalk’) processes in the figure,
and that this is associated exclusively with the region of integration in which the partonic
products of the off-diagonal real emission have much smaller transverse momentum than
the products of the 1 → 2 splitting (and all of these transverse momenta are ≫ Λ2 but
≪ Q2).
In our calculation, we’ll ignore considerations of colour for simplicity, just as we did
in section 2. However, the colour structure of crosstalk processes is quite nontrivial, and
is important when considering the size of such contributions to cross sections. The colour
structure of crosstalk processes has been considered previously in the context of twist-4
contributions to DIS in [34–37], and in the context of DPS in [24, 26, 38]. We will make
some comments with regards to the colour structure of the crosstalk processes at the end
of this section.
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Figure 5. (a) Simple 2v1 diagram including an ‘off-diagonal real emission’ process. (b) Simple 2v1
diagram including a ‘virtual exchange’ process.
As in section 2, we work in a frame in which A = A+p,B = B−n. The cross section
expression associated with figure 5(a) is:
σXT (s) =
1
2(2π)10s
∫
d4A¯d4rd4J1d
4J2δ(J
2
1 −Q2)δ(J22 −Q2)δ(r2) (3.1)
δ(4)(A+B − A¯− r − J1 − J2)Mλ1;µ1µ2µ3χL (A,B;J1, J2, r, A¯)
Mλ1;µ1µ2µ3χR (A,B;J1, J2, r, A¯)∗
where:
Mλ;µ1µ2µ3χL (A,B;J1, J2, r, A¯) (3.2)
= i9g2s(eQq)
2
∫
d4a1
(2π)4
Tr
[
/ǫλ(B)/b1/ǫ
∗
µ1
(J1)/a1ϕ
χ
p (a1, a2, A¯)/a
′
2/ǫ
∗
µ3
(r)/a2/ǫ
∗
µ2
(J2)/b2
]
D(a1)D(b1)D(a′2)D(b2)D(a2)
Mλ1;µ1µ2µ3χR (A,B;J1, J2, r, A¯) (3.3)
= i9g2s(eQq)
2
∫
d4a˜1
(2π)4
Tr
[
/ǫλ1(B)
/˜b1/ǫ
∗
µ1
(J1)/˜a1/ǫ
∗
µ3
(r)/˜a
′
1ϕ
χ
p (a˜1, a˜2, A¯)/˜a2/ǫ
∗
µ2
(J2)/˜b2
]
D(a˜1)D(b˜1)D(a˜′1)D(b˜2)D(a˜2)
Following a procedure that is similar to that leading to equation (2.22), and is valid in
the region of transverse momentum integration in which J21,J
2
2, r
2 ≫ Λ2 (or equivalently
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a22, b
2
1, b
2
2 ≫ Λ2), we can write down the following approximate expression for ML:
Mλ;µ1µ2µ3χL (A,B;J1, J2, r, A¯) (3.4)
≃
∑
s1s′2
∫
da+1
2π
[∫
d2a1/(2π)
2ψ
s1s′2χ
p (a
+
1 , a
′+
2 ,a1,a
′
2
, A¯−)
]
×
T s′2s1λ;µ1µ2µ3L (a′2a1B → J1J2r)|a−
1
=0,a1=0
[2(J+1 − a+1 )J−1 − J21 + iǫ][2(a+1 − J+1 )(B− − J−1 )− J21 + iǫ]
× 1
[2(J+1 + J
+
2 − a+1 )(−r−)− r2 + iǫ]
where TL(a2a1B → J1J2r) includes all of the numerator structure of the ML(a2a1B →
J1J2r) matrix element.
Performing the a+1 integral using contour methods, and making use of the fact that
the overall integrand is strongly peaked near a+1 = J
+
1 whilst the numerator factor TL is a
relatively smooth function in this region, we obtain:
Mλ;µ1µ2µ3χL (A,B;J1, J2, r, A¯) (3.5)
≃
∑
s1s′2
−ir+
2
[∫
d2a1/(2π)
2ψ
s1s′2χ
p (J
+
1 , a
′+
2 ,a1,a
′
2
, A¯−)
]
×
T s′2s1λ;µ1µ2µ3L (a′2a1B → J1J2r)|a+
1
=J+
1
,a−
1
=0,a1=0
J21r
2[J+2 +
J
2
1
2J−
1
+ r+]
In the region of integration in which J21 ≪ Q2, we can drop the second term in the
denominator factor [J+2 +
J
2
1
2J−
1
+ r+]. Also, when J21,J
2
2, r
2 ≪ Q2, we can approximately
decompose TL as follows:
TLs′2s1λ;µ1µ2µ3(a′2a1B → J1J2r)|a−
1
=0,a1=0
≃Ms1t1;µ1qq¯→γ∗ (J+1 p, J−1 n→ J1) (3.6)
×Ms2t2;µ2q¯q→γ∗ (J+2 p, J−2 n→ J2)M
s′
2
→s2µ3
q¯→q¯g
(
a′+2 p, a
+
2 p− r, (a′+2 − a+2 )p + r
)
×Mλ→t1t2g→q¯q (B;J−1 n+ J1, J−2 n− J1)
Performing a similar sequence of operations for MR, we obtain the expression below
that is valid for Λ2 ≪ a˜21, b˜
2
1, b˜
2
2 ≪ Q2, or equivalently Λ2 ≪ J21,J22, r2 ≪ Q2:
Mλ;µ1µ2µ3χR (A,B;J1, J2, r, A¯) (3.7)
≃
∑
si
−ir+
2
[∫
d2a˜′
1
/(2π)2ψ
s˜′
1
s˜2χ
p (a˜
′+
1 , J
+
2 , a˜
′
1
, a˜2, A¯
−)
]
× M
s˜′
1
→s˜1µ3
q→qg
(
a˜′+1 p, a
+
1 p− r, (a˜′+1 − a+1 )p+ r
)
J22r
2[J+1 +
J
2
2
2J−
2
+ r+]
×Ms˜1t˜1;µ1qq¯→γ∗ (J+1 p, J−1 n→ J1)Ms˜2 t˜2;µ2q¯q→γ∗ (J+2 p, J−2 n→ J2)
×Mλ→t˜1 t˜2g→q¯q (B;J−1 n− J2, J−2 n+ J2)
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Given that the transverse momenta of the partons emerging from the g → qq¯ branching
process are different on the left and right hand sides of the cut in figure 5(a) (±J1 and
∓J2 respectively), we will require a generalised version of the relation (2.26), which reads:
J−1 J
−
2
(J−1 + J
−
2 )
2
Mλ→t1t2g→q¯q (B;J−1 n+ J1, J−2 n− J1)M∗λ→t˜1 t˜2g→q¯q (B;J−1 n− J2, J−2 n+ J2) (3.8)
= −4g2sP λ→t2t1,t˜2 t˜1g→qq¯
(
J−2
J−1 + J
−
2
)
ǫλ · J1ǫ∗λ · J2
Note that in the off-diagonal emission process, the partons emitting the gluon in the
amplitude and conjugate do not in general have the same plus momentum (and indeed
are not of the same type). This means that the product of Mq¯→q¯g and M∗q→qg from
the left and right hand sides of the diagram does not give rise to a conventional splitting
function multiplied by the appropriate transverse momentum squared, as occurred in (2.26).
Instead, one obtains:
r+A+
a˜′+1 a
′+
2
√
a+1 a
+
2
a˜′+1 a
′+
2
Ms′2→s2µ3q¯→q¯g
(
a′+2 p, a
+
2 p− r, (a′+2 − a+2 )p+ r
)
(3.9)
×M∗s˜′1→s˜1µ3q→qg
(
a˜′+1 p, a
+
1 p− r, (a˜′+1 − a+1 )p + r
)
≡ 2g2sV s˜
′
1s
′
2→s˜1s2;µ3
I,q→q
(
a+1
A+
,
a˜′+1
A+
,
a′+2
A+
)
r2
where V
s˜′
1
s′
2
→s˜1s2;µ3
I,q→q
(
a+
1
A+
,
a˜′+
1
A+
,
a′+
2
A+
)
represents some kind of generalised splitting function,
that satisfies the following relation:
V
s˜′1s
′
2→s˜1s2;µ3
I,q→q
(
a+
A+
,
a′+
A+
,
a′+
A+
)
=
A+
a′+
P
s˜′1s
′
2→s˜1s2;µ3
qq
(
a+
a′+
)
(3.10)
Furthermore, since the partons emerging from the hadronic blob in figure 5(a) do not
in general carry the same momentum on the left and right hand sides of the diagram, the
process in figure 5(a) probes a two-parton PDF that is not diagonal in x. It is defined
according to:
Γs1s2,s˜1s˜2p;qq¯
(
a+1
A+
,
a′+2
A+
,
a˜′+1
A+
)
≡ 2
(2π)9
∑
χ
∫
dA¯−d2A¯d2a1d2a˜′1
√
a+1 a
′+
2 a˜
′+
1 a˜
+
2 A
+ (3.11)
× ψs1s2χp;qq¯ (a+1 , a′+2 ,a1,a′2, A¯−, A¯)ψ
∗s′
1
s′
2
χ
p;qq¯ (a˜
′+
1 , a˜
+
2 , a˜
′
1
, a˜2, A¯
−, A¯)
Note that this distribution is somewhat similar to the four-quark matrix element that
is probed in the twist-four contribution to Drell-Yan, and that is defined in [39–42]. Here,
however, we do not absorb two powers of the strong coupling constant gs into the four quark
matrix element, as is done (and makes sense) in the context of the twist-four contribution
to Drell-Yan.
Inserting (3.5), (3.6), and (3.7) into (3.1), and making use of (3.8), (3.9) and (3.11),
we find that the contribution to σXT coming from the region of transverse momentum
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integration with Λ2 ≪ r2,J21,J22 ≪ Q2 is:
σXT (s) =
∑
sis˜iti t˜is˜′1s
′
2
∫
dx1dx2dy1dy2σˆ
s1,t1;s˜1,t˜1;µ1
q¯q→γ∗ (sˆ = x1y1s)σˆ
s2,t2;s˜2,t˜2;µ2
qq¯→γ∗ (sˆ = x2y2s)
(3.12)[
αs
2π
∫ 1−x2
x1
dx˜′1V
s˜′
1
s′
2
→s˜1s2;µ3
I,q→q (x1, x˜
′
1, x
′
2)Γ
s1s′2,s˜
′
1
s˜2
p;qq¯
(
x1, x
′
2, x˜
′
1
)]
[αs
2π
P λ→t2t1,t˜2 t˜1g→qq¯ (y2) δ(1 − y1 − y2)
] ∫
dJ1
2dr2
2ǫλ · J1ǫ∗λ · (J1 + r)
r2J21(J1 + r)
2
In the region of transverse momentum integration in which r2 ≪ J21,J22, the transverse
momentum integrand simplifies as below, and we obtain two large DGLAP logarithms from
this region:
∫
dJ1
2dr2
2ǫλ · J1ǫ∗λ · (J1 + r)
r2J21(J1 + r)
2
−−−−−→
J1
2≫r2
∫ Q2
Λ2
dJ1
2
J1
2
∫
J1
2
Λ2
dr2
r2
= log2
(
Q2
Λ2
)
(3.13)
Two large DGLAP logarithms implies a leading logarithmic contribution, since there
are two powers of αs in (3.12). Thus, there is a leading logarithmic contribution to the
DPS cross section coming from the region of figure 5(a) in which r2 ≪ J21 (i.e. in which
the scale of the off-diagonal real emission process is strictly smaller than the scale of the
1 → 2 branching process). It is only this region of transverse momentum integration that
gives rise to a leading double logarithm – other regions only give rise to either a single
logarithm, or no logarithm at all. The single DGLAP logarithm is essentially associated
with a logarithmic integral over r only, and this should be absorbed into the four-quark
matrix element in the ‘conventional’ twist-4 contribution to double Drell-Yan.
In (3.12) we have not explicitly written the scales associated with the two factors of
αs. It should be clear that in the integration region that gives rise to the leading logarithm,
the appropriate scale for the first αs factor should be r
2, whilst that for the second factor
should be J21 (with r
2 ≪ J21 in the integration region of interest). This is because the first
coupling constant is associated with the crosstalk interaction (that gives rise to transverse
parton momenta of order r2), whilst the second is associated with the 1→ 2 splitting (that
gives rise to transverse parton momenta of order J21).
Aside from the process in figure 5(a) involving an off-diagonal real emission, the process
in figure 5(b) involving a virtual exchange also gives rise to a leading double logarithm,
provided once again that the virtual exchange process occurs at a lower scale than the
1 → 2 branching. This is straightforward to show using a procedure similar to the one
we have used above. Generalising these results, we find that in the most general 2v1 DPS
diagram, all possible types of parton exchange are allowed inside the two ladders emerging
from one of the protons at leading logarithmic order, provided that they occur at a lower
scale than the 1 → 2 ladder branching occurring in the other proton. Schematically, the
– 19 –
LO (diagonal unpolarised) cross section expression for the 2v1 contribution to DPS is:
σD,2v1(A,B)(s) =2×
m
2
∑
liijii′ij
′
i
∫ Q2
Λ2
dk2
αs(k
2)
2πk2
∫
dx1dx2dy1dy2
dx′1
x′1
dx′2
x′2
dy′1
y′1
dy′2
y′2
(3.14)
× σˆi1j1→A(sˆ = x1y1s)σˆi2j2→B(sˆ = x2y2s)
× D
l
p(y
′
1 + y
′
2, k
2)
y′1 + y
′
2
Pl→j′
1
j′
2
(
y′1
y′1 + y
′
2
)
Dj1
j′
1
(
y1
y′1
; k2, Q2
)
Dj2
j′
2
(
y2
y′2
; k2, Q2
)
×Di1
i′
1
(
x1
x′1
; k2, Q2
)
Di2
i′
2
(
x2
x′2
; k2, Q2
)
Γ
i′
1
i′
2
p (x
′
1, x
′
2;x
′
1, k
2)
Γ
i′
1
i′
2
p (x1, x2; x˜1, µ
2) is a four-parton matrix element whose evolution involves all possible
exchanges between these partons in an axial gauge – i.e. the two types of real emission plus
virtual exchange and self energy corrections2. Taking Mellin moments of this function gives
rise to a matrix element of one of the so-called ‘quasipartonic operators’ whose evolution
is discussed in [43]. Note that taking Mellin moments of a 2pGPD normally does not give
rise to the expectation value of a quasipartonic operator, due to the finite b.
It is straightforward to show that if the crosstalk interactions are omitted, then equa-
tion (3.14) reduces to (2.30). With crosstalk interactions absent, Γ
i′1i
′
2
p (x′1, x
′
2;x
′
1, k
2) in
(3.14) is built up from two independent ladders:
Γ
i′
1
i′
2
p (x
′
1, x
′
2;x
′
1, k
2) = Γ
i′
1
i′
2
p,indep(x
′
1, x
′
2, b = 0; k
2) (3.15)
where Γ
i′
1
i′
2
p,indep is given by (2.32). Substituting this expression for Γ
i′
1
i′
2
p (x′1, x
′
2;x
′
1, k
2) into
(3.14), and making use of the relation:
∑
j
∫ 1
x
dx′
x′
Dji
(
x′; Λ2, k2
)
Dkj
( x
x′
; k2, Q2
)
= Dki
(
x; Λ2, Q2
)
(3.16)
we observe that the expression for σD,2v1(A,B) becomes equal to (2.30).
At the next-to-leading logarithmic (or NLO) level, one would need to append an extra
term to (3.14) that is of the following form:∫
dx1dx2dx˜1dyD
k
p(y,Q
2)Γijp (x1, x2; x˜1, Q
2)σˆijk→AB(x1, x2, x˜1, y) (3.17)
This is essentially the ‘conventional’ twist-4 contribution to the pp → AB + X pro-
duction cross section. At the level of total cross sections, the DPS contribution to the
production of AB cannot be distinguished from the conventional twist-4 contribution, and
the two should really just be considered together as components of the O(Λ2/Q2) correction
to the pp→ AB +X cross section.
Let us now discuss the issue of colour in the evolution of the four-parton (twist-4)
matrix element Γ
i′1i
′
2
p (x1, x2; x˜1, µ
2). We recall that, for the 2pGPD with finite b, every
2In a covariant gauge, such as Feynman gauge, there are further diagrams that contribute to the evolution
due to the presence of a nontrivial Wilson line in the definition of the operator. These diagrams involve
gluon connections to the Wilson line.
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distribution that does not have the partons with the same light-cone momentum fractions
on either side of the cut paired up into colour singlets is suppressed by a Sudakov factor – see
[5, 6, 26, 30]. This factor arises in axial gauge because there is an incomplete cancellation
of the soft gluon region between (diagonal) real emission diagrams and virtual self-energy
corrections in the colour interference/correlation distributions [30]. In physical terms, it
occurs because such distributions involve a movement of colour by the large transverse
distance b in the hadron [26].
In the twist-4 matrix element Γ
i′
1
i′
2
p (x1, x2; x˜1, µ
2) there is no such Sudakov suppression
of colour interference/correlation distributions. The extra diagrams that are allowed in the
evolution of this distribution (i.e. the off-diagonal emission and virtual exchange diagrams
in axial gauge) provide extra soft-gluon divergences that cancel any remaining divergence
from adding the diagonal real emission and virtual self-energy diagrams together. The soft
divergence in both real emission diagrams (diagonal and off-diagonal) is positive, whilst
that in both virtual diagrams (self-energy and exchange) is negative, and in the sum the
positive and negative contributions always cancel each other out. We can see why this
cancellation occurs physically as follows. In the operator definition of the twist-4 matrix
element, the four operators corresponding to the partons all lie on the same lightlike line,
with no transverse separation between any of them. Note that this does not exactly corre-
spond to the physical situation that we have in the 2v1 graphs – in these, the transverse
separation of the partons in the nonperturbatively generated pair must be equal to that
of the partons emerging from the 1 → 2 splitting in the other proton, which is of order
1/k (with k2 equal to the scale of the 1 → 2 splitting). However, for the purposes of
obtaining Γ
i′
1
i′
2
p (x′1, x
′
2;x
′
1, k
2) in (3.14) by solving the evolution equation at scales µ2 < k2,
this separation is not resolvable and effectively can be taken as zero. The fact that the
four operators/partons in Γ
i′1i
′
2
p (x1, x2; x˜1, µ
2) are on top of (or at least very close to) one
another in transverse space means that soft longwave gluons can only resolve the total
colour of all of them. But the summed colour of the four partons must be zero, since the
proton is a colour singlet object – therefore the effects of soft gluons must cancel, as is
indeed observed in practical calculations. The cancellation of soft gluon divergences in the
twist-4 matrix elements has been discussed before, in [34, 44, 45] (for example).
It is important to point out that we are not claiming here that colour interference
contributions to the 2v1 DPS cross section are free from Sudakov suppression. Rather, we
are stating the well-known theoretical fact that there can be no Sudakov suppression in any
twist-4 matrix element. In the 2v1 DPS cross section there can be a Sudakov suppression
if the partons coming from either proton are not colour matched between amplitude and
conjugate at scales µ2 > k2 at which the parton transverse separation ∼ 1/k2 is resolvable.
On the two initial-state ladder side, and at scales µ2 < k2 at which the parton transverse
separation is not resolvable, the way in which colour is distributed between the parton legs
in amplitude and conjugate can change with no accompanying Sudakov suppression.
Let us now consider the region of small x in the four-parton matrix element (which one
might believe to be the most relevant region for DPS at the LHC – but see later). It is well
known that in this region the gluons dominate, so we will only consider these partons in
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1 2 3 4
(13)(24)
To hard process
(14)(23)
Figure 6. A process that can bring about a colour recombination in the four gluon state. On the
diagram we have indicated the colour flow in the large NC limit.
what follows. We have seen that the colour correlated/interference twist-4 distributions are
not Sudakov suppressed – however, in the low x region, the distributions in which two pairs
of gluons are in colour singlet configurations tend to win out. This is because the colour
factors in the anomalous dimensions for these distributions are larger (see section 3.2 of
[34] or section 5.1.3 of [6]). Bear in mind that in figure 3 at scale k2 the nonperturbatively
generated partons with identical x fractions must be in a colour singlet state if one wants to
avoid any Sudakov suppression. By combining two off-diagonal real emission processes put
together with two diagonal real emission processes as in figure 6, it is possible to achieve a
‘colour recombination’ on the two ladder side at scales lower than k2, and alter the way in
which the parton legs are grouped into two sets of colour singlets. For example, in figure 6
the grouping is changed from (14)(23) afterwards to (13)(24) before, using the leg labelling
conventions from the figure. Such a colour recombination is not disfavoured from the point
of view of evolution before and after the process – however, it is itself suppressed by a
colour factor equal to 1/(N2C −1) [34–38]. This colour factor suppression is associated with
the fact that the recombination process is non-planar.
From the point of view of low x physics, there is an important distinction between
the two crosstalk processes that we have discussed in this section – i.e. the off-diagonal
real emission and virtual exchange processes. The off-diagonal real emission process can
significantly reduce the magnitudes of the lightcone momentum fractions of the two active
parton legs involved in the process, since it is a real emission process. On the other hand,
the same is not true for the virtual exchange process. Here, the sum of the lightcone
momentum fractions of the two parton legs involved must be conserved, and since the two
legs are forced to have positive lightcone momentum fractions by the kinematics of the
process, the magnitudes of both xs cannot simultaneously decrease – one must increase to
compensate the decrease of the other. This means that, taking all partons involved to be
gluons as is appropriate at low x, the virtual exchange splitting function is not enhanced
at small x in the same way that the off-diagonal exchange (and indeed diagonal exchange)
splitting functions are. In particular, the virtual exchange diagrams do not contribute at
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double leading logarithmic order to the evolution of the four-gluon matrix element. This
result has been known for some time – see [34, 46–50]. This is the reason why we drew
the colour recombination process in figure 6 using two off-diagonal real emission processes
– it would be also possible to engineer a colour recombination using two virtual exchange
processes instead, but such a process would not be as strongly enhanced at low x.
We now discuss the important question of the numerical impact of the crosstalk in-
teractions on the 2v1 DPS cross section. A complete investigation of this issue at leading
logarithmic order in QCD would require taking into consideration all partonic, spin and
colour channels, and the calculation and numerical implementation of all of the evolution
kernels between these channels at leading order. This is beyond the scope of this paper –
however, we can make a few important comments.
One might expect the effects of the crosstalk interactions to be negligible based on the
colour suppression of these interactions in the twist-4 matrix element that we mentioned
above. On the other hand, in [37], an investigation into the size of crosstalk effects in the
four-gluon matrix element was performed using the double leading logarithmic approxi-
mation (and in the context of shadowing corrections to DIS), and it was found that the
size of the effects is appreciable even for not too small x and evolution lengths. It was
shown that the effects of the crosstalk interactions on the four-gluon matrix element could
be approximately described by the following ‘K-factor’ (here we include the effects of the
running coupling):
KBR(Y, ξ) = 1 + 2
√
πδ
(
4NC
πb
Y ln
(
ξ − ξΛ
−ξΛ
))1/4
(3.18)
where δ ∼ 1/N4C , b = (33− 2Nf )/(12π), Y = ln(1/x), ξ = ln(Q2/Q20), ξΛ = ln(Λ2QCD/Q20),
Q20 is the scale at which one begins including crosstalk effects, Q
2 is the final scale, and
x corresponds to the size of the x values in the matrix element. If one plugs the sample
values x = 0.001, Q = 5 GeV, Q0 = 1 GeV, ΛQCD = 0.359 GeV, Nf = 3 into this formula,
one obtains KBR = 1.96 - a significant enhancement despite the 1/(N
2
C − 1) suppression of
the recombination vertex. Thus, we cannot simply ignore recombination processes in the
2v1 DPS cross section based only on their colour suppression.
An important point to emphasise in the context of numerical considerations is that
the 2v1 contribution to DPS does not probe the twist-4 matrix elements at µ2 = Q2 and
x ∼ xh (where xh represents the values of x associated with the hard scatterings). Rather,
the twist-4 matrix elements are probed at µ2 = k2 and x = xsp, where xsp is the x value
appropriate to the 1→ 2 splitting. In general we will have k2 < Q2, xsp > xh, which gives
a smaller ‘evolution space’ in x and µ2 for the crosstalk effects, and a smaller enhancement.
Of course, there will not be a single value of k2 and xsp that applies to all 2v1 graphs
that have a particular hard scale Q2 and particular values of x at that hard scale – instead
we integrate over k2 and xsp, as one can see from looking at the equation (3.14) (xsp =
y′1 + y
′
2 in this equation). Two factors determine the average values of Ysplit and ξsplit in
a particular set of 2v1 graphs – the first is that we have two ladders rather than one after
the split on the one ladder side (which will tend to prefer smaller Ysplit and ξsplit), and
the second is that we have no crosstalk interactions after the split on the two ladder side
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(which will tend to prefer larger Ysplit and ξsplit). One expects the first effect to be strongly
dominant, in which case we can estimate 〈Ysplit〉 and 〈ξsplit〉 for particular final x and Q2
values by considering just the one-ladder side. For example, we can estimate 〈Ysplit〉(x,Q2)
by weighting the integral (2.33) by ln(1/(y′1 + y
′
2)), setting y1 ≃ y2 ≃ x, and then dividing
by D˘p(x, x;Q
2).
Using this method, we estimated the values of 〈Ysplit〉 and 〈ξsplit〉 for various values of
x at the hard interaction, and for Q = 10 GeV. In our approximate calculation we included
only gluons, taking as input the MSTW2008LO gluon input at Q0 = 1 GeV (and only
integrating k2 down to Q20 in (2.33) and the weighted integral). The number of flavours
was held fixed, Nf = 3, we take ΛQCD = 0.359 GeV, and we used the full g → g splitting
functions.
The results of this calculation are given in table 1. Rather than 〈Ysplit〉 and 〈ξsplit〉,
we have chosen to tabulate the values of x and µ2 corresponding to these values – i.e.
exp (−〈Ysplit〉) and Q0
√
exp(〈ξsplit〉) respectively. We also tabulate the values of KBR
corresponding to each set of (〈Ysplit〉, 〈ξsplit〉) values.
One notices immediately from the table that the x values of splitting are much larger
than that at the hard process, and the Q values of splitting tend to be rather close to Q0
(as was also noticed in [33]). For x & 10−3, the x values at the splitting begin to enter
the region & 10−1 in which PDFs decrease with µ2 rather than increase (as the dominant
process becomes splitting to smaller x values rather than the ‘feed’ from larger x values).
For such x values, the net effect of including crosstalk interactions should either be small,
or should actually be to reduce the 2v1 cross section (as the crosstalk interactions offer
extra pathways by which the four-gluon matrix element can decrease rather than increase).
Clearly, we cannot place any trust at all in the KBR values quoted in table 1 for x & 10
−3.
For much smaller x values (e.g. 10−6) the x values at the splitting are smaller (although
not by much), and one might anticipate an enhancement of the 2v1 cross section due to
crosstalk interactions, although perhaps not as large as the formula (3.18) predicts. One
must bear in mind, however, that for such small x values the DGLAP approach we have
taken here may not be so well justified, and an alternative approach based on the BFKL
equation may be more appropriate.
Note that the results we obtained were for Q = 10 GeV. The x and µ2 values corre-
sponding to 〈Ysplit〉 and 〈ξsplit〉 are plotted against Q2 for various values of x in figure 7.
We notice that the typical x and µ2 values of splitting increase with Q2, although beyond
Q = 10 GeV the typical x values do not increase by much, and one would expect the
conclusions we have found above to also hold for larger Q values.
Thus, we have provided an indication that for not too small x values (& 10−3), crosstalk
interactions should not significantly enhance the cross section, and indeed they most likely
reduce it. Moderate x values (10−3 − 10−2) correspond to xsp values ≃ 0.1 where PDFs
do not change significantly with scale, so one might expect the effect of crosstalk effects on
the DPS cross section to be small at such x values – however, a more complete numerical
investigation, which is beyond the scope of this paper, is required to make a more definite
statement.
The statement that the ‘b = 0’ twist-4 distributions probed in the 2v1 contribution
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x exp (−〈Ysplit〉) Q0
√
exp(〈ξsplit〉) KBR(〈Ysplit〉, 〈ξsplit〉)
1.0E-06 4.5E-02 1.34 1.56
3.6E-05 6.4E-02 1.44 1.57
1.3E-03 9.1E-02 1.67 1.59
4.6E-02 2.1E-01 2.35 1.59
9.9E-02 3.1E-01 2.67 1.56
Table 1. Average Y and ξ values of the 1 → 2 splitting for a ‘perturbatively generated’ pair of
partons with the x values in the table, and probed at Q = 10 GeV. Note that we have actually
tabulated the x and µ2 values corresponding to these average Y and ξ values. The values of KBR
corresponding to the average Y and ξ values are tabulated, but for reasons given in the text one
should not place much trust in these figures.
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Figure 7. Plots showing the x and µ2 values corresponding to the average Y and ξ values of the
1→ 2 splitting, plotted against Q2, and for various values of x at the hard interaction.
to DPS evolve differently from the 2pGPDs with finite b has been made recently in Ap-
pendix A of [24]. However, in this paper it is claimed that only the evolution of the colour
correlation/interference distributions changes at b = 0 – we contend that the evolution of
the colour diagonal/singlet distribution is also affected in an important way. In equation
(A1) of [24], an evolution equation for the colour octet twist-4 qq¯ distribution diagonal in
x fractions is proposed. However, the equation they propose involves only similar distribu-
tions diagonal in x fractions on the right hand side – in fact the correct evolution equation
should contain more general distributions nondiagonal in x on the right hand side, since the
crosstalk processes that are allowed for b = 0 will necessarily disrupt a diagonal/symmetric
pattern of x values.
4 The Total Cross Section for Double Parton Scattering
In a previous publication [20] (see also [51]), we examined another class of diagrams that
can contribute to the DPS cross section – the ‘1v1’ graphs. For the arbitrary ‘1v1’ graph in
figure 1(c) with a total of n QCD branching vertices in the amplitude or conjugate, we dis-
covered that there is no natural piece of the diagram that is proportional to log(Q2/Λ2)n/R2p
and is associated with the transverse momenta inside the loop being strongly ordered on
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either side of the diagram (in fact, most of the contribution to the total cross section expres-
sion for the graph comes from the region of integration in which the transverse momenta
of particles inside the loop are of O(
√
Q2)). Based on this finding, we suggested that 1v1
graphs should not contribute to the pp DPS cross section.
Combining this suggestion with the findings of sections 2 and 3, we obtain the following
formula for the total DPS cross section:
σD(A,B)(s) = σ
D,2v2
(A,B)
(s) + σD,2v1
(A,B)
(s) (4.1)
with σD,2v2(A,B)(s) and σ
D,2v1
(A,B)(s) being given by the expressions (2.34) and (3.14) respectively
3.
This formula agrees with the DPS cross section formulae proposed in [24, 26] and [19],
apart from the fact that in neither of these papers are the crosstalk effects in the 2v1 graphs
taken into account correctly (in [19] they are omitted, whilst in [24, 26] they are included
in an incorrect fashion). Ryskin and Snigirev [25] include an extra ‘1v1’ contribution in
their proposed cross section formula, which they argue can be validly included in the DPS
cross section at suitably low x [33], but which should not be included at moderate to large
x values.
We would like to point out at this stage that there are two features in the equation
(4.1) that are potentially concerning, and that might indicate that modifications to it may
be required in order to correctly describe the DPS cross section.
The first issue is that we were originally expecting to obtain an expression for the DPS
cross section looking something like (1.1), with the 2pGPDs in these formulae each having
an interpretation in terms of hadronic operator matrix elements. Our proposed expression
(4.1) deviates somewhat in structure from these expectations.
The second issue is that there is a rather sharp distinction in (4.1) between perturba-
tively and nonperturbatively generated parton pairs, with the 2pGPD for the latter having
a natural width in r space of order Λ (as was discussed in section 2). Does there exist
some scale at which we can (approximately) regard all parton pairs in the proton as being
‘nonperturbatively generated’ in this sense (as is assumed in (4.1))? If so, what is the
appropriate value for the scale (presumably it should be rather close to ΛQCD)?
These issues are related in an essential way to the fact that we have cut the contribution
from ‘1v1’ graphs out of the DPS cross section entirely. It may therefore not be correct to
entirely remove these graphs from the DPS cross section in this way. On the other hand,
at present we do not have a suitable alternative prescription for handling these graphs, and
leave finding the appropriate way of including the 1v1 graphs to future work.
3Note that this is really our prediction for the unpolarised diagonal contribution to the total DPS cross
section when the scales of the two hard interactions are the same, Q2A = Q
2
B = Q
2. To generalise this result
to unequal scales, one needs to change Q2 to Q2A in all Green’s functions in (3.14) involving a ‘1’ index,
change Q2 to Q2B in all Green’s functions in (3.14) involving a ‘2’ index, change the upper limit of the
k2 integration to min(Q2A, Q
2
B), and perform a similar operation for the ‘2v2’ contribution. As mentioned
previously, the contributions associated with spin polarisation (either longitudinal or transverse) and flavour
interference are expected to have a similar structure to (4.1), whilst the colour correlation/interference
and parton type interference contributions should be suppressed by Sudakov factors, as is discussed in
[5, 6, 26, 30].
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5 Conclusions
In this paper we have closely examined the contribution to the LO p-p DPS cross section
from graphs in which two ‘nonperturbatively generated’ ladders interact with two ladders
that have been generated via a perturbative 1 → 2 branching process – ‘2v1’ graphs.
We have presented a detailed calculation demonstrating that 2v1 graphs in which the two
nonperturbatively generated ladders do not interact with one another contribute to the LO
p-p DPS cross section in the way originally written down by Ryskin and Snigirev [25], and
then later by Blok et al. [19] and Manohar and Waalewijn [24, 26]. We have also shown
that 2v1 graphs in which the ‘nonperturbatively generated’ ladders exchange partons with
one another contribute to the LO p-p DPS cross section, provided that this ‘crosstalk’
occurs at a lower scale than the 1→ 2 branching on the other side of the graph. We have
proposed a formula for the contribution from 2v1 graphs to the LO DPS cross section,
equation (3.14).
Crosstalk interactions between the two nonperturbatively generated ladders are sup-
pressed by colour effects – for example, the ‘colour recombination’ of figure 6 is suppressed
by a factor 1/(N2C − 1). This fact on it’s own does not necessarily mean that the effect
of crosstalk interactions in the 2v1 diagrams is negligible. It was discovered in [37] that
crosstalk interactions could lead to a sizeable increase in the cross section, even for rather
small evolution lengths ln(Q2/Q20) ≃ 3 and for not too small ‘final’ x values for the crosstalk
≃ 10−3. However, we pointed out that in the 2v1 diagrams, the typical x values at which
the 1 → 2 splitting occurs, and the crosstalk finishes, are very much larger than those at
the hard scale, and the µ2 value of the splitting is much smaller than Q2. For Q = 10 GeV,
x values at the hard scale & 10−3 correspond to x values at the splitting & 0.1, which is
the region where PDFs either do not change, or decrease with scale. In this region of x the
effect of crosstalk will either be small, or will be to decrease the cross section. We obtain
very similar conclusions when moving to larger values of Q2. Thus, except at exceedingly
small x values, we expect the effects of crosstalk interactions to be a reduction of the 2v1
DPS cross section, which should be rather small at moderate x values ≃ 10−3 − 10−2 cor-
responding to x values at the splitting ≃ 0.1. A more precise statement than this requires
a detailed numerical simulation of the 2v1 graphs, which is beyond the scope of this paper.
We combined our formula for the 2v1 contribution to the DPS cross section (3.14) with
the suggestion that we made in [20] that 1v1 graphs should be completely removed from
the DPS cross section to suggest a formula for the DPS cross section, equation (4.1). Two
potentially concerning features were identified in this equation, and the existence of these
might indicate that completely removing the 1v1 graphs from the DPS cross section is not
quite the correct prescription. The determination of the appropriate manner of treating
the 1v1 graphs is left to future work.
Note Added
After this paper was completed we learned of the published version of ‘What is Double
Parton Scattering?’ by Manohar and Waalewijn [52] in which were corrected the errors of
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the original arXiv version [24] that we discussed at the end of section 3. The discussion in
that paper now appears to be in alignment with our own findings.
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